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We propose the study of the inclusive hadroproduction of a heavy-flavored jet in association with a light
jet, as a probe channel of strong interactions at high energies. We build up a hybrid factorization that
encodes genuine high-energy effects, provided by a partial next-to-leading BFKL resummation, inside the
standard collinear structure of the cross section. We present a detailed analysis of different distributions,
shaped on kinematic ranges typical of experimental analyses at the Large Hadron Collider, and differential
in rapidity, azimuthal angle and transverse momentum. The fair stability that these distributions exhibit
under higher-order corrections motivates our interest toward future studies. Here, the hybrid factorization
could help to deepen our understanding of heavy-flavor physics in wider kinematic ranges, like the ones
accessible at the Electron-Ion Collider.
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I. INTRODUCTORY REMARKS

Heavy-flavored emissions in hadronic and lepto-
hadronic collisions are commonly recognized as excellent
probe channels of the dynamics of strong interactions. This
resulted in remarkable interest over the last decades on both
their formal and phenomenological aspects.
The wide range of applications of heavy flavor to

collinear physics (see, e.g., Ref. [1] and references therein)
makes the following selection of results very short and
incomplete. In Refs. [2,3] a next-to-leading order (NLO)
formalism for the fragmentation of heavy quarks was
provided. Then, the effect of higher-order soft-gluon
resummation on heavy-flavor in hadroproduction was

gauged [4]. In Ref. [5], a general framework for the
inclusion of heavy-quark mass contributions to DIS struc-
ture functions, based on the so-called FONLL scheme [6],
was presented. In Ref. [7] a study on the effect of collinear
logarithms (genuinely emerging in heavy-flavored emis-
sions) on fragmentation functions (FFs) was performed.
Quite recently, the impact of charm-tagged cross sections
on the strange collinear parton distribution function (PDF)
was weighed [8]. In Ref. [9], QCD radiative corrections to
the production of bottom-quark pairs in hadronic collisions
were extended up to next-to-NLO.
Jet emissions in regimes dominated by transverse-

momentum-dependent (TMD) dynamics gave us a faultless
chance to study single transverse-spin asymmetries
[10–13]. Then, the formal description of dijet systems in
hadroproduction channels made us understand that both the
naïve and the generalized TMD factorization are violated
[14,15]. Photon-plus-jet final states were proposed [16,17]
as a suitable channel to gauge the size of these breaking
effects. More recently, TMD factorization formulas for
light-dijet [18] and heavy-dijet [19] emissions in electron-
proton scatterings were found in a soft-collinear effective
scheme (SCET). A SCET approach was used to investigate
the jet substructure and, more in particular, to define
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fragmenting jet functions, needed to describe the produc-
tion of charmonia within jets [20–22].
At small-x, a factorization formula was established

[23–25] for heavy-flavor production, in whose low-virtual-
ity limit the standard collinear factorization is recovered. In
the saturation regime, where the size of nonlinear effects
due to gluon recombination become significant, heavy-
flavored states in hadronic collisions gave us access to
gluon Wigner distributions (see, e.g., Ref. [26]). On the
phenomenological side, the impact of small-x LHCb data
sensitive to heavy-flavor production on PDFs was recently
investigated in the fixed-flavor number scheme with NLO
accuracy [27].
In this work, our interest falls on processes involving

inclusive heavy- and light-jet emissions at high energies.
Kinematic regimes under investigation generally lead to a
semihard scale ordering [28], ΛQCD ≪ Qi ≪

ffiffiffi
s

p
, where

ΛQCD is the QCD-coupling scale parameter, Qi indicates
one or more, process-related hard scales, and

ffiffiffi
s

p
is the

center-of-mass energy. In this domain, a fixed-order treat-
ment based on pure collinear factorization breaks down
since large energy logarithms emerge in the perturbative
series with a power increasing with the order. More in
particular, large final-state rapidities (or rapidity intervals),
typical of diffractive semi-hard final states, strengthen the
weight of terms proportional to lnðsÞ. The Balitsky–Fadin–
Kuraev–Lipatov (BFKL) approach [29–32] affords us an
all-order resummation of these large energy logarithms
both in the leading approximation (LLA), that includes all
terms proportional to αns lnðsÞn, and in the next-to-leading
logarithmic approximation (NLA), that includes all terms
proportional to αns lnðsÞn−1.
Following the BFKL treatment, the analytic form of

the imaginary part of the process scattering amplitude is
expressed as a convolution of two impact factors, portray-
ing the transition from each colliding particle to the
respective final-state object, and of a Green’s function.
The latter is a process-independent object and it is ruled by
an integral evolution equation, whose kernel is well known
at leading order (LO) as well as at NLO for forward
scattering [33,34], and also for any fixed, not growing with
s, momentum transfer t and for any possible two-gluon
color state in the t-channel [35–38]. Vice versa, impact
factors depend on the processes, thus representing the most
challenging part of the calculation. So far, the list of impact
factors calculated with NLO accuracy is quite short.
Colliding-parton impact factors [39,40] represent the
key ingredient to build the forward-jet [41–46] and the
forward light-charged hadron [47] impact factor. The ones
describing the (γ� → γ�) and the (γ� → light-vector meson)
transition were respectively calculated in Refs. [48] and
[49–54]. Quite recently [55], a novel calculation of the
forward-Higgs impact factor was done by using results on
one-loop amplitudes [56–58] calculated via the high-energy
effective theory developed by Lev N. Lipatov [59,60].

Over the last two decades, a remarkable number for
semihard reactions were proposed as sounding probes of
the high-energy resummation (see Ref. [61] for a recent
review). An incomplete list of them includes: the dimeson
exclusive electroproduction [62–64], the (γ� − γ�) process
[65], the inclusive hadroproduction of a light dijet
system emitted with large transverse momenta and a wide
distance in rapidity (Mueller–Navelet jets [66]), for which
several phenomenological studies have been given (see,
e.g., Refs. [44,46,67–79]), the inclusive multi-jet produc-
tion [80–88], the inclusive detection of a light-charged
dihadron system [89–91], the heavy-quark pair hadro- [92]
and photoproduction [93,94]. Then, J=Ψ-plus-jet [95],
hadron-plus-jet [96–99], Drell–Yan-plus-jet [100,101],
and Higgs-plus-jet [102] inclusive hadroproduction were
proposed.
Another intriguing perspective is represented by the

investigation of the hadronic structure in the high-energy
limit via the BFKL approach. Single forward emissions in
exclusive as well as in inclusive channels give us direct
access to the unintegrated gluon distribution (UGD) in
the proton, operationally defined in terms of a convolution
between the BFKL Green’s function and a nonperturbative
input, embodied in the proton impact. First probes of the
UGD were done in the context of deep-inelastic-scattering
(DIS) structure functions [103,104]. Then, the UGD has
been tested through the single exclusive leptoproduction of
ρ and ϕ mesons [105–112] at HERA, the forward inclusive
production of Drell–Yan lepton pairs [113–116] at LHCb,
and the exclusive photoproduction of quarkonium states
[117–119]. The connection between the UGD and the
collinear gluon PDF has been studied in deep via a high-
energy factorization framework set up in the early nineties
[23–25], and in the Catani–Ciafaloni–Fiorani–Marchesini
(CCFM) branching scheme [120–124]. Then, first deter-
minations of small-x improved PDFs à la Altarelli–Ball–
Forte (ABF) [125–131] were recently proposed [132–134].
Conversely, the link between the BFKL UGD and TMD
gluon distribution functions [135–137] is still more
obscure. From the formal point of view, the TMD formal-
ism is based on parton correlators (thus, on Wilson lines),
while the BFKL approach “speaks” the language of
Reggeized gluons. From the phenomenological point of
view, the TMD factorization is expected to work at low pT,
while the BFKL resummation requires large-pT emissions.
A first connection between the unpolarized and the linearly
polarized gluon TMDs, fg1 and h⊥g

1 , was established in the
[low-x, large-pT] limit [138]. More recently, a model
calculation of BFKL-improved unpolarized and polarized
gluon TMDs was provided [139,140].
Concerning LHC phenomenology, one of the most

popular semihard channels is the Mueller–Navelet jet
production. As already mentioned, final states here are
characterized by two jets produced in proton-proton colli-
sions, having large pT and being well separated in rapidity.
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Being the first totally hadroproduced reaction studied in
the high-energy formalism, setting its formal description up
required a substantial effort. On the one hand, the BFKL
resummation was originally designed to study purely
partonic (or lepto-hadronic) cross sections. On the other
hand, kinematic configurations attainable at LHC detectors
feature moderate values of parton x, this justifying a
description in terms of collinear PDFs, but also large
transverse pT exchanged in the t-channel, this calling for
a pT-factorized treatment, ensured by BFKL. Therefore, a
hybrid high-energy/collinear factorization was built up,
where high-energy resummed partonic cross sections are
natively calculated in the BFKL approach, and then
convoluted with collinear PDFs (see panel a) of Fig. 1
for a schematic view).
The Mueller–Navelet channel can be considered as the

“father” of those processes falling in the class of inclusive
forward/backward two-object emissions. There are other
diffractive semi-hard final states that can be described by
the hand of a hybrid factorization. Inclusive single forward
emissions in hadroprodocution reactions (panel a) of Fig. 2
lead to an asymmetric configuration where a parton always
participates in the hard subprocess with a large x, while the
other parton is a small-x gluon. Here, a different kind of
hybrid high-energy/collinear factorization is realized, so
that the large-x parton is portrayed by a collinear PDFs,
whereas the small-x gluon evolution is driven by a UGD.
To get the hadronic cross section, the two densities are then
convoluted with the impact factor depicting the forward-
object emission. A representative process of this class is the

forward Drell–Yan dilepton production [113,116]. Another
formalism, close in spirit with our hybrid factorization for
single forward emissions, has been employed first in the
description of forward jets at the LHC [141], then in the
study of Z0-plus jet configurations [101,142] and, more
recently, for the investigation of three-jet event topologies
[143]. In that case, partially off-shell squared matrix
elements correspond to our BFKL impact factors, whereas
different models for the UGD have been used.
For completeness, we mention also gluon-induced

inclusive single central emissions (panel b) of Fig. 2. At
variance with the previous cases, here a pure high-energy
factorization can be used, since both the initial-state gluons
are extracted from the parent nucleons at small-x. Cross
section is thus obtained as a convolution of two UGDs with
a central-production impact factor, also known as off-shell
coefficient function. Distinctive reactions already studied in
high-energy factorization are: the central-jet production,
for which the NLO impact factor was calculated [144],
the single quarkonium emission [145–151], for which
several analyses on the hadronization mechanism have
been performed so far, and the central-Higgs radiation
[152–155], where an exciting outlook would be the
comparison between pure high-energy predictions and
small-x improved ABF results [156,157]. The inclusive
reactions presented in Figs. 1 and 2 are complemented by
their exclusive counterparts, and by lepto-hadronic chan-
nels, not shown here.
Mueller–Navelet jet production is the only semi-hard

process for which LHC data have been collected so far.

FIG. 1. Pictorial representation of (a) the Mueller–Navelet jet production and of (b) the inclusive heavy-light dijet hadroproduction in
hybrid high-energy/collinear factorization.
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Here, a first theory-versus-experiment study on the azimu-
thal-angle correlation between the two light jets, complied
by the CMS Collaboration at 7 TeV collision energy [158],
revealed that the kinematic domain under consideration
stays in between the sectors described by the BFKL and
the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP)
[159–163] approach, while more evident high-energy
signatures are expected to emerge at increasing energies.
Then, recent analyses conducted at our group [74,75]
highlighted how BFKL imprints can be efficaciously
disengaged by the DGLAP background by considering
asymmetric cuts for the pT of the two jets. This results was
later confirmed also for the dihadron and hadron-jet
production cases [164].
It is generally known, however, that practical applica-

tions of the BFKL mechanism to physical reactions suffer
from instabilities of the resummed series. It stems from the
fact that higher-order (NLA) corrections are large, both in
the kernel of the Green’s function and in the nonuniversal
impact factors, and with opposite sign with respect to LLA
terms. This translates in a raised sensitivity of the series on
renormalization scale variation, which, in Mueller–Navelet
case, is so strong to prevent any attempt to perform reliable
analyses around “natural” scales (which correspond, for
light jets, to their pT). All these issues have to be handled
by the use of some optimization procedure of the QCD
perturbative series, and several studies done by adopting
different optimization methods have been performed so far
(see, e.g., Refs. [68–72,165,166]). One of the most popular
optimization scheme is the so-called Brodsky–Lepage–
Mackenzie (BLM) method [167–170], based on the

removal of the renormalizaton-scale ambiguity by absorb-
ing the nonconformal β0-terms into the running coupling.
Since results for Mueller–Navelet jets with BLM optimi-
zation proved to be in good agreement with CMS data
[69,71], the use of this procedure was extended to other
semihard processes.
The weakness point, however, is that BLM leads to an

expansion of energy scales, whose values turn out to be
much larger than their natural values (see Sec. 3.4 of
Ref. [164]). Since the sensitivity of both the QCD running
coupling and parton densities on large scales is very weak,
any kind of study on scale variation around the BLM-
prescribed values would be inconclusive. More impor-
tantly, very large scales bring to a substantial reduction of
predicted cross sections, thus hampering any possibility of
precision studies. First, encouraging clues that a fair
stability under higher-order BFKL corrections has been
reached came out just recently [102] in the context of the
inclusive Higgs-plus-jet production and are expected also
in the inclusive Drell–Yan-plus-jet process [100]. In those
cases, the large energy scales that act as stabilizers of
rapidity and pT-distributions mostly come from the trans-
verse mass of the emitted boson, while a similar outcome
cannot be obtained in the case of light-object emissions.
In this paper, our aim is to study the high-energy

behavior of interesting observables for the following semi-
hard reaction:

PðP1Þ þ PðP2Þ → Q-jetðpQ; yQÞ þ X þ jetðpJ; yJÞ: ð1Þ
Here, a heavy-flavored jet (labeled as Q-jet) and a
light-flavored jet are emitted in proton-proton collisions

FIG. 2. Pictorial representation of (a) an inclusive single forward emission in hybrid high-energy/collinear factorization and of (b) an
inclusive single central emission in pure high-energy factorization. The red blob in panel (a) refers to collinear PDFs, while sea green
ones in both panels denote the hard part of the impact factor describing the emission of a generic object in (a) forward or (b) central
regions of rapidity. The unintegrated gluon distributions, depicted in violet, encode nonperturbative information about the gluon content
in the proton at high energies (small-x) and are connected to the impact factor via Reggeon lines. Gluon-induced emissions from the
collinear region in panel (a), not shown here, are encoded in the sea green blob.
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with large transverse momenta, jp⃗Qj and jp⃗Jj, and wide
separation in rapidity, ΔY ¼ yQ − yJ, together with the
radiation of an undetected gluon system, X. Various
benefits are gained by considering the detection of such
a heavy-light dijet system (see panel b) of Figs. 1 and 3).
First, light jets can be tagged at larger rapidities than heavy
objects. This grants us the possibility of studying our
process at large final-state rapidity distances, where a high-
energy treatment is motivated. At the same time, statistics
for a heavy-plus-light emission is more favorable with
respect to the one for a double heavy-flavor detection.
Then, having two jets of distinct kind not only leads to
naturally asymmetric kinematic configurations, thus
enriching the exclusiveness of the final-state, but also
permits us to better focus on and study distinctive traits
of the sole heavy-flavored jet. Finally, in analogy with the
outcome of our recent studies on Higgs-plus-jet distribu-
tions [102], it gives us a further chance of hunting for
effects of stabilization of the BFKL series, eventually

provided by the transverse mass of the heavy quark
generating the jet. One might argue that transverse masses
characterizing open-charm or bottom emissions could be
not so large. It is worth it to remark, however, that the
core contribution to cross sections is at low pT, where the
mass of the heavy quark gives an important contribution to
energy scales.
The present work lies in the intersection corner between

two directions. On the one hand, it endows semihard probes
of BFKL with a new choice. On the other hand, it pushes
forward our program on heavy-flavor physics at high
energies. Here, the BFKL resummation would serve as a
tool (i) to investigate heavy-jet distributions covering
broader kinematic regimes, where other formalisms are
also valid, and (ii) to afford a complementary description
of bound states [95], where the main challenge would be
embodying in our high-energy theoretical setup the pro-
duction mechanisms of heavy hadrons.
The structure of this paper is the following. In Sec. II we

introduce our formal description of the inclusive heavy-
light dijet reaction, presenting details regarding impact
factors and the way in which the hybrid high-energy
collinear factorization is realized, as well as kinematics
of the process itself. Then (Sec. III), we discuss our
phenomenological analysis on differential distributions.
Thus (Sec. IV), we come out with conclusions and future
perspectives.

II. INCLUSIVE HEAVY-LIGHT DIJET
PRODUCTION

A. LO impact factors

Two basic ingredients to construct the cross section for
our process are the heavy-quark pair and the light-jet
impact factors, the third one being the BFKL Green’s
function. At LO, a heavy-quark pair is produced by a
partonic gluon and the Q-jet is generated either from the
quark or from the antiquark (Fig. 4). The mechanism of
production of a heavy-quark jet by a heavy-quark initial
state parton has been neglected, since, in the range of x
values relevant for this process at the LHC, 10−2 to 10−4,
and for a value of the factorization scale typical of our
study, μF ¼ 30 GeV, the charm and bottom distribution
functions in the proton are suppressed by factors of ∼30

FIG. 3. Hybrid factorization for the heavy-light dijet production
with a light-quark jet produced in the lower fragmentation region
(gluon jet not shown here). The high-energy resummed partonic
cross section is convoluted with collinear PDFs.

FIG. 4. Feynman diagrams relevant for the calculation of the LO impact factor describing the hadroproduction of a heavy-flavored jet.
Zigzag lines stand for Reggeized gluons.
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and ∼50, respectively, with respect to the gluon one.
Conversely, a light jet directly stems from a partonic light
quark or from a gluon (Fig. 5).
Let us start by considering the upper-vertex impact factor

(heavy-quark pair) of our hybrid-factorized cross section
(Fig. 3). We introduce the standard Sudakov decomposition
for pQ

pQ ¼ zQP1 þ
M2

Q⊥
zQs

P2 þ pQ;⊥

≡ zQ
xg

p1 þ
xg
zQ

M2
Q⊥

W2
p2 þ pQ;⊥: ð2Þ

In the first equality, zQ is the longitudinal momentum
fraction of the initial proton PðP1Þ carried by the
detected heavy quark, s ¼ 2P1 · P2 is the hadronic

center-of-mass energy, p⃗Q is the transverse momentum
of the tagged quark with respect to the proton collision

axis, MQ⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p⃗2

Q

q
its transverse mass, lastly

pQ;⊥ ¼ ð0; p⃗Q; 0Þ. The reason for the second equality is
to stress that, in Ref. [92], the impact factor was calculated
by using as light-cone basis the momenta p1 and p2 of the
colliding gluons (W2 ¼ 2p1 · p2 is the partonic center-of-
mass energy). Hence, when adopting P1 and P2 as light-
cone vectors, one must be careful, performing the sub-
stitution z → zQ

xg
, where xg is the longitudinal fraction of

momenta P1 carried by the gluon with momenta p1, and
including the right jacobian factor. The LO heavy-quark
pair impact factor in the in the ðn; νÞ-representation, namely
after its projection onto the BFKL eigenfunction, turns out
to be

dΦfQQ̄g
gg ðn; ν; p⃗Q; zQ; xgÞ

d2p⃗QdzQ
≡

Z
d2k⃗

π
ffiffiffi
2

p ðk⃗2Þiν−3
2einθ

dΦfQQ̄g
gg ðk⃗; p⃗Q; zQÞ
d2p⃗Q dzQ

¼ α2s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

c − 1
p
2πNcxg

�
m2

�
I3 − 2

I2ð0Þ
M2

Q⊥

�
þ ðz2 þ z̄2Þ

�
−m2

�
I3 − 2

I2ð0Þ
M2

Q⊥

�
þ I2ð1Þ

M2
Q⊥

�

−
N2

c

N2
c − 1

�
2m2½ðz2 þ z̄2 − 1Þð1 − ðz2Þ12−iνÞ� I2ð0Þ

M2
Q⊥

þ ½2m2ðz2 þ z̄2 − 1Þðz2Þ12−iν�

×

�
I3 −

I4ð0Þ
ðz2Þ12−iν

�
− ðz2 þ z̄2Þ

�
ð1 − zÞ2I4ð1Þ −

ð1 − ðz2Þ12−iνÞ
M2

Q⊥
I2ð1Þ

���

≡ α2seinϕ1cQðn; ν; p⃗Q; zQ; xgÞ; ð3Þ

where z ¼ zQ=xg, z̄ ¼ 1 − z, I2ðλÞ, I3 and I4ðλÞ read

I2ðλÞ ¼
ðp⃗2

QÞ
n
2einϕ1ffiffiffi
2

p 1

ðM2
Q⊥Þ

3
2
þn

2
−iν−λ

Γð1
2
þ n

2
þ iνþ λÞΓð1

2
þ n

2
− iν − λÞ

Γð1þ nÞ

×
ð1
2
þ n

2
− iν − λÞ

ð− 1
2
þ n

2
þ iνþ λÞ 2F1

�
−
1

2
þ n

2
þ iνþ λ;

3

2
þ n

2
− iν − λ; 1þ n; ζ

�
; ð4Þ

I3 ¼
ðp⃗2

QÞ
n
2einϕ1ffiffiffi
2

p 1

ðM2
Q⊥Þ

5
2
þn

2
−iν

Γð1
2
þ n

2
þ iνÞΓð1

2
þ n

2
− iνÞ

Γð1þ nÞ
ð1
2
þ n

2
− iνÞ

ð− 1
2
þ n

2
þ iνÞ

×
�
3

2
þ n

2
− iν

�
2F1

�
−
1

2
þ n

2
þ iν;

5

2
þ n

2
− iν; 1þ n; ζ

�
; ð5Þ

FIG. 5. Feynman diagrams relevant for the calculation of the LO impact factor describing the hadroproduction of a light jet. Zigzag
lines stand for Reggeized gluons.
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I4ðλÞ ¼
ðp⃗2

QÞ
n
2einϕ1

z2
ffiffiffi
2

p ð3
2
− iν − λþ n

2
Þ

ðM2
Q⊥Þ

5
2
−iν−λþn

2

Γð1
2
þ n

2
þ iνþ λÞΓð1

2
þ n

2
− iν − λÞ

Γð1þ nÞ

×
ð1
2
þ n

2
− iν − λÞ

ð− 1
2
þ n

2
þ iνþ λÞ

Z
1

0

dΔ
�
1þ Δ

z
− Δ

�
n
�
1þ Δ

z2
− Δ

�
−5
2
þiνþλ−n

2

× 2F1

�
−
1

2
þ iνþ λþ n

2
;
5

2
− iν − λþ n

2
; 1þ n; ζ

ð1þ Δ
z − ΔÞ2

ð1þ Δ
z2 − ΔÞ

�
; ð6Þ

and ζ ≡ p⃗2
Q

M2
Q⊥
; the azimuthal angles θ, ϕ1 are defined as

cos θ≡ kx=jk⃗j and cosϕ1 ≡ pQ;x=jp⃗Qj. Let us now turn our
attention on the lower-vertex (Fig. 3) impact factor (light
jet). We apply the standard Sudakov decomposition for pJ,
having so

pJ ¼ zJP2 þ
jp⃗Jj2
zJs

P1 þ pJ⊥; ð7Þ

where zJ is the longitudinal fraction of momenta of the
initial proton PðP2Þ carried by the jet and p⃗J its transverse
momenta with respect to the collision axis. The expression
for the LO impact factor depends on which type of parton
starts the process. In the ðn; νÞ-representation we have:

�
dΦfqg

qq ðn; ν; p⃗J; zJÞ
d2p⃗JdzJ

��

¼ CF

CA

�
dΦfgg

gg ðn; ν; p⃗J; zJÞ
d2p⃗JdzJ

��

¼
Z

d2k⃗

π
ffiffiffi
2

p ðk⃗2Þ−iν−3
2e−inθ

dΦfqg
qq ð−k⃗; p⃗J; zJÞ
d2p⃗JdzJ

¼ αse−inðϕ2þπÞ2

ffiffiffiffiffiffi
CF

CA

s
ðp⃗2

JÞ−iν−3=2δðxJ − zJÞ

≡ αse−inðϕ2þπÞ½cJðn; ν; jp⃗JjÞ��δðxJ − zJÞ; ð8Þ

where dΦfqg
qq and dΦfgg

gg are the quark and gluon LO impact
factors, respectively, xJ is the longitudinal fraction of
momenta of the initial proton PðP2Þ carried by the parton
entering the jet vertex. The azimuthal angle ϕ2 is defined
cosϕ2 ≡ pJ;x=jp⃗Jj. Since our impact factors are taken at
LO, the jet selection function is trivial and merely identifies
the kinematics of the produced parton with that of the jet.

B. Kinematics of the process

Using the Sudakov decomposition (2) and denoting with
pQ ¼ ðEQ; p⃗Q; pQjjÞ, we can express the rapidity of the
tagged quark as

yQ ¼ 1

2
ln

�
EQ þ pQjj
EQ − pQjj

�
¼ ln

�
2zQEp1

MQ⊥

�
; ð9Þ

where P1 ¼ Ep1
ð1; 0⃗; 1Þ and P2 ¼ Ep2

ð1; 0⃗;−1Þ, and
hence s ¼ 4Ep1

Ep2
. Using the Sudakov decompositions

(7) and denoting with pJ ¼ ðEJ; p⃗J; pJjjÞ we can express
the rapidity of the jet as

yJ ¼ − ln

�
2xJEp2

jp⃗Jj
�
: ð10Þ

The difference of rapidity is

ΔY ≡ yQ − yJ ¼ ln

�
zQxJs

jp⃗JjMQ⊥

�
ð11Þ

and the semihard kinematic requirement imposes

s
jp⃗JjMQ⊥

¼ eΔY

zQxJ
≫ 1: ð12Þ

The Jacobian of the transformation from longitudinal
momentum fractions to final-state rapidity is

dzQdxJ ¼
eΔY

s
jp⃗JjMQ⊥dyQdyJ: ð13Þ

C. Proton-proton cross section

In order to pass from the hard subprocess to the physical
one, initiated by proton-proton collisions (Fig. 3), we
include the contribution of the partons distribution inside
the two colliding particles. Then, the differential proton
cross section can be expressed as

dσpp
dyQdyJdjp⃗Qjdjp⃗Jjdϕ1dϕ2

¼ 1

ð2πÞ2
�
C0þ2

X∞
n¼1

cosðnϕÞCn
�
;

ð14Þ

where ϕ ¼ ϕ1 − ϕ2 − π and with the azimuthal coefficients
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Cn ¼
eΔY jp⃗Qjjp⃗Jj2MQ⊥

s

Z
1

xmin
g

dxgfgðxg; μF1
Þf̃ðxJ; μF2

Þ

×
Z þ∞

−∞
dν

�
W2

s0

�
ᾱsðμRÞχðn;νÞþᾱ2sðμRÞ½χ̄ðn;νÞþ β0

8Nc
χðn;νÞð−χðn;νÞþ10

3
þ2 ln

μ2
R

MQ⊥ p⃗J
Þ�
α3sðμRÞcQðn; ν; p⃗Q; zQ; xgÞ½cJðn; ν; p⃗JÞ��

×
�
1þ cð1ÞQ ðn; ν; p⃗Q; zQÞ

cQðn; ν; p⃗Q; zQÞ
þ
�
cð1ÞJ ðn; ν; p⃗J; xJÞ
cJðn; ν; p⃗JÞ

��
þ ᾱ2sðμRÞ ln

�
W2

s0

�
β0
4Nc

χðn; νÞfQðνÞ
�
: ð15Þ

where the lower bound in the xg-integration follows from

kinematics, xmin
g ¼ e−ðy

max
Q −yQÞ,

fQðνÞ ¼
i
2

d
dν

ln cQ þ ln MQ⊥; ð16Þ

μF1;2
are the factorization scales and, for the sake of

convenience, we define an effective collinear PDF as

f̃ðxJ; μF2
Þ ¼ CA

CF
fgðxJ; μF2

Þ þ
X
a¼q;q̄

faðxJ; μF2
Þ: ð17Þ

In Eq. (15), Nc is the color number, μR and μF1;2
are

renormalization and factorization scales, ᾱs ≡ Ncαs=π,

χðn; νÞ ¼ 2ψð1Þ − ψ

�
n
2
þ 1

2
þ iν

�
− ψ

�
n
2
þ 1

2
− iν

�
ð18Þ

are the LO BFKL eigenfunctions,

β0 ¼
11Nc

3
−
2nf
3

ð19Þ

is the first coefficients of the QCD β-function, while

cð1ÞQ ðn; ν; p⃗Q; zQÞ and cð1ÞJ ðn; ν; p⃗J; xJÞ are NLO universal
correction to the heavy quark and jet impact factors,
respectively. The NLO correction to the heavy-quark pair
impact factor reads

cð1ÞQ ðn; ν; p⃗Q; zQÞ
cQðn; ν; p⃗Q; zQÞ

¼ ᾱsðμRÞ
χðn; νÞ

2
ln

�
s0

M2
Q⊥

�
þ ᾱsðμRÞ

β0
4Nc

�
5

3
þ 2 ln

μ2R
MQ⊥jp⃗Qj

þ 2fQðνÞ
�

−
1

fgðxg; μF1
Þ ln

�
μ2F1

M2
Q⊥

�
ᾱsðμF1

Þ
2Nc

Z
1

xg

dz
z

�
PggðzÞfg

�
xg
z
; μF1

�
þ

X
a¼q;q̄

PgaðzÞfa
�
xg
z
; μF1

��
; ð20Þ

whereas the NLO correction to the light-jet impact factor is

�
cð1ÞJ ðn; ν; p⃗J; xJÞ
cJðn; ν; p⃗JÞ

��
¼ ᾱsðμRÞ

χðn; νÞ
2

ln

�
s0

jp⃗Jj2
�
þ ᾱsðμRÞ

β0
4Nc

�
2 ln

μR
jp⃗Jj

þ 5

3

�

− ln

�
μ2F2

jp⃗Jj2
�

ᾱsðμF2
Þ

2Ncf̃ðxJ; μF2
Þ

�
CA

CF

Z
1

xJ

dz
z

�
PggðzÞfg

�
xJ
z
; μF2

�
þ

X
a¼q;q̄

PgaðzÞfa
�
xJ
z
; μF2

��

þ
X
a¼q;q̄

Z
1

xJ

dz
z

�
PagðzÞfg

�
xJ
z
; μF2

�
þ PaaðzÞfa

�
xJ
z
; μF2

���
: ð21Þ

III. PHENOMENOLOGY

A. Observables and final-state configurations

We include in our phenomenological analysis three classes of observables:
(i) Azimuthal-angle coefficients, integrated over the phase space of the outgoing jets, at fixed values of their mutual

rapidity separation, ΔY. One has
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CnðΔY;sÞ¼
Z

pmax
Q

pmin
Q

djp⃗Qj
Z

pmax
J

pmin
J

djp⃗Jj
Z

ymax
Q

ymin
Q

dyQ

×
Z

ymax
J

ymin
J

dyJδðyQ−yJ−ΔYÞCn; ð22Þ

where C0 represents the φ-summed cross section
differential in ΔY (alias, ΔY-distribution). We go
with realistic kinematic configurations, typical of
current and forthcoming analyses at the LHC, by
allowing the transverse momentum of theQ-jet, jp⃗Qj,
to be in the range from 20 GeV to 100 GeV (typical
of the bottom-jet detection at CMS [171,172]),
while the light jet transverse momentum, jp⃗Jj, ranges
from 20 GeV to 60 GeV [158]. We investigate the
ΔY-behavior of the φ-summed cross section (or ΔY-
distribution), C0ðΔY; sÞ, of the azimuthal-correlation
moments, Rn0ðΔY; sÞ ¼ Cn=C0 ≡ hcos nφi, and of
their ratios, Rnm ¼ Cn=Cm [165,166].

(ii) Azimuthal distribution of the two tagged jets, as a
function of φ and at fixed values of ΔY, given as

dσppðφ;ΔY; sÞ
σppdφ

¼ 1

π

�
1

2
þ
X∞
n¼1

cosðnφÞhcosðnφÞi
�

≡ 1

π

�
1

2
þ
X∞
n¼1

cosðnφÞRn0

�
: ð23Þ

This distribution represents one of the most directly
accessible observables in experimental analyses.
Indeed, experimental measurements hardly cover
the whole azimuthal-angle plane due to limitations
of the apparatus. Therefore, distributions differential
on the azimuthal-angle difference, φ, could be easier
compared with data. At the same time, technical
difficulties arise in the numeric calculation of
Eq. (23) since several Cn coefficients need to be
calculated, with instabilities in the ν-integration
emerging when n grows. Ranges for jp⃗Qj and
jp⃗Jj are the ones listed in the previous point.

(iii) Transverse-momentum distribution of the Q-jet at
fixed values of ΔY (alias, pQ-distribution),

dσppðjp⃗Qj;ΔY; sÞ
djp⃗QjdΔY

¼
Z

pmax
J

pmin
J

djp⃗Jj
Z

ymax
Q

ymin
Q

dyQ

×
Z

ymax
J

ymin
J

dyJδðyQ − yJ −ΔYÞC0;

ð24Þ

while the light-jet transverse momentum is in the
range 35 GeV < jp⃗Jj < 60 GeV.

In all the considered cases, we allow for light-jet
detection both in the CMS barrel and in the endcaps,

having so jyJj < 4.7. As for the Q-jet rapidity, we consider
a barrel rapidity-range, jyQj < 2.5.
We stress that our theoretical setup corresponds to an

inclusive final state with a heavy and a light jet detected in a
given kinematics and with a given rapidity separation, no
matter if other (heavy or light) jets are present and no matter
what their rapidity separation is. This implies that a single
experimental event with a final state featuring more than
two hard jets selected (at least one of them being heavy)
should contribute to multiple bins of the ΔY-distribution,
one bin for each pair made by one heavy and one light jet
taken in such multijet event.
By accounting for the tag of the light jet not only in CMS

but also in the CASTOR ultra-backward detector (−6.6 <
yJ < −5.2) [173,174], one could consider even larger
rapidity distances, up to ΔY ≃ 9. It has been recently
pointed out [99], however, that in this kinematics large
values of partons’ x effectively restrict the weight of the
undetected gluon radiation. This leads, when inclusive
observables are considered, to an incomplete cancellation
between virtual and real gluon-emission terms, which
results in the appearance of large Sudakov-type double
logarithms (threshold double logarithms) [175–177] in the
perturbative series, that have to be resummed to all orders.
This resummation has not been yet encoded in our
formalism. Therefore, we postpone the investigation of
our process in CASTOR-jet configurations to future,
dedicated analyses.
In our analysis we consider two possible kinds of heavy-

flavored emissions: bottom-jets (b-jets, with m≡mb ¼
4.18 GeV=c2) and charm-jets (c-jets, with m≡mc ¼
1.2 GeV=c2). For the sake of simplicity, we will refer to
these two cases as b-jet and c-jet channel, respectively. The
center-of-mass energy is fixed at

ffiffiffi
s

p ¼ 14 TeV. All cal-
culations are done in the MS scheme.

B. Numerical technology and uncertainty estimate

All the numerical results were obtained via JETHAD

[164], a FORTRAN2008-PYTHON3 hybrid interface under
development at our group. Quark and gluon PDFs were
calculated through the MMHT2014 NLO PDF parametriza-
tion [178] as provided by the LHAPDFv6.2.1 library [179],
while we set a two-loop running coupling setup with
αsðMZÞ ¼ 0.11707.
The two primary sources of numerical uncertainty arise

from the four-dimensional integration over the final-state
phase space [Eq. (22)], together with the integration over ν
[Eq. (15)] and from the one-dimensional integral over the
longitudinal momentum fraction, ζ, in the NLO corrections
to the two jet impact factors [Eqs. (20) and (21)]. They were
directly estimated by the JETHAD parallel integration
routines. Other potential uncertainties, like the upper cutoff
in the numerical integration over the ν-variable in Eq. (15)
and over Δ-integration in Eq. (3), turned out to be
negligible in comparison the first ones.
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FIG. 7. ΔY-dependence of Rnm ≡ Cn=Cm ratios, in the b-jet channel and for
ffiffiffi
s

p ¼ 14 TeV. Shaded bands provide with the combined
uncertainty coming from scale variation and numerical integration(s).

FIG. 6. ΔY-dependence of the φ-summed cross section, C0, in the b-jet (left) and c-jet (right) channels and for
ffiffiffi
s

p ¼ 14 TeV. Shaded
bands provide with the combined uncertainty coming from scale variation and numerical integration(s).
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We weighed the effect of simultaneously varying the
renormalization scale, μR, and the factorization ones, μF1

and μF2
, around their natural values in the range from 1=2

to two. The parameter Cμ entering the inset of panels in
Sec. III C expresses the ratio

Cμ ¼
μRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

MQ;⊥jp⃗Jj
p ¼ μF1

MQ;⊥
¼ μF2

jp⃗Jj
: ð25Þ

C. Results and discussion

Predictions for the ΔY-distribution, C0, are presented in
Fig. 6. Here, the growth with energy of partonic cross
sections, predicted by BFKL, combines with the quenching
effect coming from the convolution with collinear PDFs,
thus resulting in a downtrend with ΔY of distributions. A
clear manifestation of a reached stability of C0 under NLA
corrections is given by the size of uncertainty bands, which
is sensibly lower when higher-order contributions are
considered. In particular, NLA corrections to the BFKL
kernel become progressively negative when ΔY increases,

this explaining why pure LLA predictions are always
larger. As an overall outcome, statistics for ΔY-distribu-
tions is very promising, the c-jet channel being larger, but
of the same order of the b-jet one.
Results for several azimuthal-correlation moments, Rnm,

are shown in Fig. 7 (b-jet channel) and Fig. 8 (c-jet
channel). Here, the usual onset of the high-energy dynam-
ics clearly emerges. All azimuthal correlations fall off when
ΔY increases, thus validating the assumption that the
weight of the inclusive system of gluons emitted in the
final state leads to a decorrelation of the two jets. As a
result, statistics moves away from the (almost) back-to-
back configuration as the available phase space provided by
large rapidity intervals grows. More precisely, since the
heavy-flavored jet stems from a vertex where a qq̄-system
is produced (see Fig. 4), there are no kinematic constrains
that enforce a back-to-back event, even at LO. This
explains why Rnm ratios for the heavy-light dijet production
are constantly smaller, regardless of the value of ΔY, with
respect to the case of pure light-jet or light-hadron
emissions (see, e.g., Refs. [44,91,96,164]). The fact that,
at variance with Mueller–Navelet jets, heavy-light dijet

FIG. 8. ΔY-dependence of Rnm ≡ Cn=Cm ratios, in the c-jet channel and for
ffiffiffi
s

p ¼ 14 TeV. Shaded bands provide with the combined
uncertainty coming from scale variation and numerical integration(s).
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azimuthal correlations can be studied around natural values
of renormalization and factorization scales gives us further
evidence of the stability of the BFKL series, which, however
is less marked than in the C0 case. Here, the sensitivity to
scale variation leads to an opposite situation, where NLA
uncertainty bands are, at least for the Rn0 ratios, larger than
LLA ones. This feature is not surprising, since azimuthal
correlations are widely recognized to be among the most
sensitive observables to high-energy dynamics.
The φ-shape of azimuthal distributions, for different

values of ΔY, is given in Fig. 9. The peculiar behavior of
these observables corroborates the assumption that we are
probing a regime where the BFKL treatment is valid. All
distributions present a distinct peak at φ ¼ 0, namely where
the two jets are emitted in back-to-back configurations.
When ΔY increases, the peak height decreases, while the
distribution width broadens. This reflects the fact that larger
rapidity intervals bring to a more significant decorrelation
of the dijet system, so that the number of back-to-back
events diminish. The stronger decorrelation of the LLA
series observed in the Rnm patterns consistently translates in

smaller peaks of the corresponding azimuthal distributions,
with respect to the NLA case.
Finally, the pQ-distribution at fixed rapidity distance,

ΔY, is depicted in Fig. 10. Two values of ΔY were
considered, specifically ΔY ¼ 3 and 5. For the sake of
comparison with our previous analysis of the Higgs pT-
distribution in the inclusive Higgs-plus-jet hadroproduc-
tion, with the light-jet present in both the two cases and
lying in the same transverse-momentum range (see Fig. 8 of
Ref. [102]), we identify three contiguous kinematic sub-
intervals. We refer to the first one as the low-jp⃗Qj region,
say jp⃗Qj≲ 15 GeV. Here, large transverse-momentum
logarithms dominate, thus making our formalism inad-
equate. Therefore, this range was excluded from our plots.
In the second region, jp⃗Qj is of the same order of jp⃗Jj,
which lies in the interval between 35 and 60 GeV. It
represents the most suitable range for our description,
where the high-energy resummation is expected to work
properly. Indeed, NLA uncertainty bands are much nar-
rower than LLA ones. Then, moving along the jp⃗Qj axis,
we run into the large-jp⃗Qj region, where LLA and NLA

FIG. 9. LLA (upper) and NLA (lower) azimuthal distribution in the b-jet (left) and c-jet (right) channels, for three distinct values of the
final-state rapidity interval, ΔY, and for

ffiffiffi
s

p ¼ 14 TeV. Shaded bands provide with the combined uncertainty coming from scale
variation and numerical integration(s).
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series visibly decouples from each other and the sensitivity
of the NLA one to scale variation progressively increases.
In this subinterval, large DGLAP-type logarithms as well as
threshold contaminations become more and more relevant,
up to the point of harming the convergence of the high-
energy series.
A striking difference between the heavy-flavored jet and

the Higgs transverse-momentum distribution is the appar-
ent absence of a peak in the first case, which conversely is
clearly visible in the second case, both at LLA and NLA.
We remark that, at variance with inclusive single emissions,
where the peak cannot appear in fixed-order collinear
calculations, but needs to be generated by the transverse-
momentum resummation (see Refs. [180–186] and refer-
ences therein), in our two-particle final-state reactions the
peak genuinely comes from the “fixed-order part” of our
calculation, the high-energy resummation simply having a
modulation effect on the whole distribution. Coming back
to the loss of the peak, the “mystery” is soon revealed.
Although gathering its position from our analytic expres-
sions is far from straightforward (it depends also on the
integration range of the pT of the light jet), numerical

analyses have shown that the peak lies in the low-jp⃗Qj
subregion, where, as already mentioned, our calculations
are quite unstable. This is sufficient, however, to conclude
that the heavy-flavored jet transverse-momentum distribu-
tion is actually similar in shape to the Higgs one, the latter
being translated rightward on the jp⃗T j axis. This shift is
mostly related to the different transverse masses at work,
much larger in the Higgs-emission case. While the dijet
peak lives outside the edges of the applicability region
of the BFKL formalism, the Higgs-plus-jet peak is around
40–50 GeV, where a BFKL description is valid. As a final
remark, statistics for the heavy-flavored jet transverse-
momentum distribution is from two to three orders of
magnitude larger than the Higgs one, thus making it a very
favorable observable to be compared with forthcoming
experimental analyses, at least at moderate values of jp⃗Qj.

IV. TOWARD NEW DIRECTIONS

We proposed the study of the inclusive semihard
production of a heavy-light dijet system in hybrid high-
energy/collinear factorization. We performed a detailed

FIG. 10. Transverse-momentum distribution of the b-jet (left) and of the c-jet (right) at ΔY ¼ 3 (upper) and ΔY ¼ 5 (lower), for
35 GeV < jp⃗Jj < 60 GeV and

ffiffiffi
s

p ¼ 14 TeV. Shaded bands provide with the combined uncertainty coming from scale variation and
numerical integration(s).

INCLUSIVE PRODUCTION OF A HEAVY-LIGHT DIJET … PHYS. REV. D 103, 094004 (2021)

094004-13



analysis of different distributions, tailored on realistic LHC
kinematic ranges and differential in the rapidity interval
between the two emitted jets, in their azimuthal-angle
distance, and in the transverse momentum of the heavy-
flavored jet. Distinctive signals of the onset of the high-
energy dynamics fairly emerged, thus providing us with
corroborating evidence of the validity of our approach. We
hunted for a stability of the BFKL series under higher-order
corrections, discovering that, at variance with the inclusive
light-dijet production (Mueller–Navelet channel), heavy-
flavored emissions offer the possibility to perform studies
around natural values of energy scales and, ultimately, to
assess the feasibility of precision calculations at the hand of
a (hybrid) high-energy treatment. As expected, due to the
lower transverse masses at work, these stabilizing effects
are more moderate with respect to the inclusive Higgs-plus-
jet case [102]. Future investigations will extend our work to
a full NLA BFKL analysis and to a comparison with fixed-
order calculations.
The studies proposed constitute a step forward in our

ongoing program on heavy-flavored emissions at high
energies, started from the analytic calculation of heavy-
quark pair impact factors [92–94] and pointing toward the
analysis of quark bound states, as heavy-light mesons and
quarkonia [95,187,188]. In this context, both two-particle
and single-particle emissions are relevant. In particular, the
second case will allow us to deepen our knowledge of the
already mentioned small-x UGD, a key ingredient to
describe single forward as well as central emissions in
the high-energy regime (Figs. 1 and 2). Moreover, it offer
us the chance of comparing different approaches of hybrid
factorization at small-x (see, e.g., Refs. [101,142]), and
possibly realizing joint analyses.
Another intriguing perspective is represented by the

exploration of wider kinematic domains, where other mech-
anisms become relevant. As pointed out in our study on the
pQ-distribution (see Sec. III C), a more solid description
would rely on amultilateral formalism where effects coming
from other resummations are consistently embodied. We
mainly refer to threshold, Sudakov and low-pT effects.
The advent of the Electron-Ion Collider (EIC) [189] will

open a new phase in the search for New Physics via the

study of the hadronic structure. Here, heavy-flavored jet
emissions act as powerful probes of a wide kinematic
spectrum, in many aspects complementary with respect to
the LHC one. In order to complement these analyses by
evaluating the size of high-energy/small-x effects, we will
need to enhance our hybrid factorization. A first possibility
would be encoding low-pT features in our formalism. In
this respect, the improvement of the BFKL description via
the inclusion of the Sudakov resummation of small-pT
imbalances in almost back-to-back emissions, proposed in
Refs. [190–192], could serve as a useful guidance. Another
challenging option would consist in starting from a genuine
TMD formalism and plugging small-x effects on top of it.
More phenomenological ways would rely on using a hybrid
factorization with small-x improved TMD densities [139]
or with CGC/JIMWLK distributions (see, e.g., Refs. [138,
193–196]). Moreover, at EIC regimes, the distortion of the
isotropy of soft-gluon radiation should be encoded in the
description of (heavy) jet emission, this leading to a more
sophisticated treatment of the jet-selection function (see,
e.g., Refs. [197–199]). Finally, final-state sensitivity to
the jet substructure in terms of heavy hadrons within jets
[20–22] should be, if possible, gauged.
All these engaging opportunities constitute the bulk of

our second direction, namely the use of the high-energy
resummation as an additional tool to examine observables
sensitive to heavy-flavored emissions. We propose these
studies with the aim of inspiring synergies with other
communities, and pursuing the goal of widening common
horizons in the exploration of heavy-flavor physics.
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