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Dipartimento di Fisica, Università degli Studi di Pavia, I-27100 Pavia, Italy

INFN, Sezione di Pavia, I-27100 Pavia, Italy

Abstract

Sufficiently inclusive processes, like the deep inelastic scattering (DIS), are de-
scribed in terms of scale-dependent parton distributions, which correspond to the
density of partons with a given longitudinal momentum fraction, integrated over the
parton transverse momentum. For less inclusive processes, one needs to consider
densities unintegrated over the transverse momentum. This work focuses on the
unintegrated gluon distribution (UGD), describing the probability that a gluon can
be emitted by a colliding proton, with definite longitudinal fraction and transverse
momentum. Through the leptoproduction of the ρ-meson at HERA, existent models
for the UGD will be investigated and compared with experimental data.
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1 Introduction

Semi-hard processes [1] (see Ref. [2] for applications) serve as a special testing ground
for calculations of high-energy scatterings in perturbative Quantum Chromodynamics
(QCD). In this kinematic limit, the enhanced effect of energy logarithms compensates
the smallness of the QCD coupling constant, αs, thus calling for an all-order resumma-
tion procedure. The most natural language to describe the resummation of these large
logarithms, both in the leading (LLA) and the next-to-leading (NLA) approximation, is
elegantly embodied by the Balitsky–Fadin–Kuraev–Lipatov (BFKL) [3] approach.

In the last years, a constantly increasing number of semi-hard reactions has been
proposed as probe of the high-energy regime, namely: the diffractive leptoproduction of
two light vector mesons [4–7], the inclusive hadroproduction of two jets featuring high
transverse momenta and large separation in rapidity (better known as Mueller–Navelet
process [8]), for which a richness of theoretical predictions have appeared so far [9–21], the
inclusive detection of two identified, light charged hadrons [22–24], the multi-jet hadropro-
duction [25–31], the heavy-quark pair photo- [32] and hadroproduction [33], and more re-
cently, J/Ψ-jet [34], hadron-jet [35, 36] and Drell–Yan-jet correlations [37, 38]. All these
channels belong to a peculiar subclass of processes, where two final-state objects, well
separated in rapidity, are always detected in the fragmentation region of the correspond-
ing incoming parent particles (photon or hadron), together, in the inclusive configuration,
with an undetected gluon system, and accompanied, in the specific case multi-jet produc-
tion, by the tag of one or two extra jets in more central ranges of rapidity.

Another interesting family of semi-hard reactions consists in the ones characterised by
the emission of a single forward particle in lepton-proton collisions, as in Fig. 1. In this
particular configuration it is possible to write the expression for the forward-scattering
amplitude as a suitable convolution of an impact factor, describing the emission of the
leptoproduced, final-state particle, and the unintegrated gluon distribution (UGD) in
the proton, which is a nonperturbative density, function of x and κ, where the latter
represents the gluon momentum transverse to the direction of the proton. This scheme
is known as high-energy factorisation1. The UGD, in its original definition, obeys the
BFKL [3] evolution equation in the x variable. Being a nonperturbative quantity, the
UGD is not well known and several models for it, which lead to very different shapes in
the (x, κ)-plane, have been proposed so far (see, for instance, Refs. [41, 42]).

We show evidence [43–45] that it is possible to constrain the κ-dependence of the UGD
via the comparison with HERA data on helicity-dependent observables, more in depth
the ratio of the two leading amplitudes for the forward polarised leptoproduction of ρ
mesons (Fig. 1).

1An alternative and engaging formalism, formulated in the transverse-coordinate space and especially
suitable to account for nonlinear evolution and gluon saturation effects, is the so-called colour dipole
picture. Interesting developments on vector meson production based on this formalism can be found in
Refs. [39, 40].
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Figure 1: Diagrammatic representation of the exclusive ρ-meson leptoproduction.

2 Theoretical setup

Widespread studies on the helicity structure of the exclusive production of ρ mesons in
electron-proton scattering have been conducted by the Z1 and H1 esperiments via the
analysis of the subprocess (see Fig. 1):

γ∗(λγ)p→ ρ(λρ)p , (1)

the meson and photon helicities, λρ and λγ, taking the values 0 (longitudinal polari-
sation) and ±1 (transverse polarisations). The helicity amplitudes, Tλρλγ , extracted at
HERA [46, 47] respect a strict ordering, which reflects the strong influence of small-size
dipole scatterings, as argued in Ref. [48]:

T−11 � T01 � T10 � T11 � T00 . (2)

Experimental data have been selected in distinct ranges of the photon virtuality, Q2, and
of the photon-proton centre-of-mass energy, W . Following the cuts used by H1, one has:

2.5 GeV2 < Q2 < 60 GeV2 (3)

and
35 GeV < W < 180 GeV . (4)

2.1 Helicity amplitudes in high-energy factorisation

In the high-energy region, s ≡ W 2 � Q2 � Λ2
QCD, which leads to small x = Q2/W 2,

the forward helicity amplitude for the ρ-meson leptoproduction can be presented, in high-
energy factorisation, as the convolution between the impact factor, Φγ∗(λγ)→ρ(λρ)(κ2, Q2),
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describing the γ∗ → ρ transition, and the UGD, F(x, κ2):

Tλρλγ (s,Q
2) =

is

(2π)2

∫
d2κ

(κ2)2
Φγ∗(λγ)→ρ(λρ)(κ2, Q2)F(x, κ2), x =

Q2

s
. (5)

Analytic formulae for both the longitudinal and the transverse impact factor can be
found in Eqs. (33) and (38) of Ref. [49]. Inter alia, a twist-2 distribution amplitude
(DA) [50] enters the expression of the longitudinal impact factor, whereas genuine twist-3
or Wandzura–Wilczek (WW) DAs [50, 51] are used in the transverse case.

We will make extensive use of the WW approximation, relaxing it through the inclusion
of the genuine terms just in the study of systematic effects. We will employ the asymptotic
expression for the twist-2 DA (for further details see Sect. 2.2 of Ref. [43]).

2.2 Models for the unintegrated gluon distribution

Pursuing the goal to investigate and compare different approaches, without the ambition
of a comprehensive treatment, six models for the UGD have been selected. We refer to
the original works for details on the derivation of each parametrisation and limit ourselves
to giving here just the analytic expression of the UGD used in our numerical study.

• An x-independent model (ABIPSW)

This simple, x-independent model [51] purely coincides with the proton impact
factor:

F(x, κ2) =
A

(2π)2M2

[
κ2

κ2 +M2

]
, (6)

where M is a characteristic soft scale. Since the main observable is a ratio of
amplitudes, the normalisation factor A is irrelevant.

• Derivative of the gluon PDF momentum

The definition given right below,

F(x, κ2) =
dxg(x, κ2)

d lnκ2
, (7)

reflects the obvious condition that, when integrated over κ2 up to the factorisation
scale squared, µ2

F , the UGD must be related to the standard gluon density, g(x, µ2
F ).

• Ivanov–Nikolaev (IN)

The IN model, proposed in Ref. [52], is suited to probe different regions of the trans-
verse momentum. While, in the high-κ range, a collinear gluon PDF is employed, a
peculiar Ansatz for the description at small κ2 values is made [53], which describes
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the colour gauge invariance constraints on the radiation of soft gluons by colour sin-
glet targets. The gluon density at small κ2 is supplemented by a non-perturbative
soft component, in agreement to the colour-dipole phenomenology. The analytic
expression for this UGD is:

F(x, κ2) = F (B)
s (x, κ2)

κ2s
κ2 + κ2s

+ Fh(x, κ2)
κ2

κ2 + κ2h
. (8)

For a complete discussion on parameters and expressions of both the soft (s) and
the hard (h) terms, see Ref. [52].

• Hentschinski–Sabio Vera–Salas (HSS)

The HSS parametrisation, formerly employed in the analysis of DIS structure func-
tions [54], encompasses the standard definition of the UGD in the BFKL framework,
given as the convolution between the gluon Green’s function and a leading-order
proton impact factor. This model has been adopted for the investigation of the
single-bottom quark production at LHC [55], for the photoproduction of J/Ψ and
Υ mesons [56] and, quite recently, for the forward Drell–Yan reaction2. The final
formula for this UGD, given in Ref. [55] (up to a κ2 overall factor), reads:

F(x, κ2;µh) =

∫ ∞
−∞

dν

2π2
C Γ(δ − iν − 1

2
)

Γ(δ)

(
1

x

)χ( 1
2
+iν)( κ2

Q2
0

) 1
2
+iν

(9)

×
{

1− ᾱ2
sβ0χ0

(
1
2

+ iν
)

8Nc

log

(
1

x

)[
ψ

(
δ − 1

2
− iν

)
+ log

κ2

µ2
h

]}
,

where β0 = (11Nc−2Nf )/3, Nf the number of active quarks, ᾱs = αs (µ2)Nc/π, with
µ2 = Q0 µh, and χ0(

1
2
+iν) is the leading-order eigenvalue of the BFKL kernel. Here,

µh is a process-typical hard scale, which can be identified with the photon virtuality,√
Q2. In Eq. (9), χ(γ) is the next-to-leading order eigenvalue of the BFKL kernel,

collinearly improved and employing the BLM scale-optimisation method (Sect. 2 of
Ref. [55]). The proton impact factor is described in terms of three parameters Q0,
δ and C, fixed via an improved description of the photon kinematics (see Sect. 3.1
of Ref. [43] for further details).

• Golec-Biernat–Wüsthoff (GBW)

2Pioneering studies have been conducted in this direction [57, 58], their focus lying on the twist
decomposition of Drell–Yan structure functions in the dipole formalism with saturation corrections, or
making use of a LLA BFKL-inspired model. In a more recent analysis [59] the agreement between
theoretical predictions and experimental data has been significantly improved by including NLA BFKL
effects.

4



10
-2

10
-1 1 10 10

2
10

3
10

4

κ
2
 (GeV

2
)

10
-2

10
-1

1

10

10
2

F
(x

, 
κ

2
)

ABIPSW

Gluon mom. CT14 NLO

IN - CT14 LO

HSS

WMR - CT14 LO

GBW

x = 10
-3

W = 100 GeV

10
-2

10
-1 1 10 10

2
10

3
10

4

κ
2
 (GeV

2
)

10
-2

10
-1

1

10

10
2

F
(x

, 
κ

2
)

ABIPSW

Gluon mom. CT14 NLO

IN - CT14 LO

HSS

WMR - CT14 LO

GBW

x = 10
-4

W = 100 GeV

Figure 2: κ2-behaviour of all the considered UGD models for x = 10−3, 10−4.

This model originates from an effective dipole cross section σ(x, r) for the scattering
of a qq̄ pair off a nucleon [60], through a Fourier transform and reads:

F(x, κ2) = κ4σ0
R2

0(x)

8π
e

−k2R2
0(x)

4 . (10)

For the details and discussion of the parameters of this model, see Ref. [60].

• Watt–Martin–Ryskin (WMR)

The UGD model introduced in Ref. [61] reads:

F(x, κ2;µ2) = Tg(κ
2, µ2)

αs(κ
2)

2π

∫ 1

x

dz

[∑
q

Pgq(z)
x

z
q
(x
z
, κ2
)

(11)

+Pgg(z)
x

z
g
(x
z
, κ2
)

Θ

(
µ

µ+ κ
− z
)]

,

where the Sudakov-like factor Tg(κ
2, µ2), whose expression is given in Ref. [61], is

directly connected to the probability of evolving from the scale κ to the scale µ
without parton emission. This UGD model depends on an extra-scale µ, fixed at Q
in this work.

3 Results and discussion

We show the behaviour of our predictions for the helicity-amplitude ratio, T11/T00, as
function of the photon virtuality, Q2, and for the six different UGD models introduced in
Sect. 2.2, comparing them with HERA data.

First, we present and compare the κ2-dependence of our UGD models, for two different
values of the longitudinal momentum fraction, x = 10−3, 10−4. The different patterns in
the κ2-shape (see Fig. 2) fairly reflect the distinct approaches whence each UGD descends.
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Figure 3: Helicity-amplitude ratio, T11/T00, as funcion of Q2 for all the considered UGD
models for W = 100 GeV.
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Figure 4: Helicity-amplitude ratio, T11/T00, for the GBW UGD model at W = 35 (left)
and 180 GeV (right). Full, WW and genuine contributions are shown. Uncertainty bands
are obtained by letting a2(µ0 = 1 GeV) be between 0 and 0.6.

The Q2-dependence of T11/T00 for all six models at W = 100 GeV is then shown,
together with experimental data, in Fig. 3. Theoretical predictions are spread over a wide
range, thus supporting our fundamental assertion that the T11/T00 ratio can definitely be
used to constrain the κ-dependence of the UGD. None of the models is in agreement with
data over the whole range of Q2 range, whereas the x-independent ABIPSW parametri-
sation and the GBW one seem to better match the central region of Q2.

In order to calibrate the effect of the approximations made in the DAs, we present
results (Fig. 4) for T11/T00 with just one model, namely the GBW one, with the centre-
of-mass energy taken at the boundaries of its interval, W = 35, 180 GeV, and vary the
a2(µ0 = 1 GeV) DA parameter in a range between 0 and 0.6, correctly implementing its
evolution. Furthermore, we relax the WW approximation in T11 by accounting also for
the genuine twist-3 terms.

Finally, we check the stability of T11/T00 under the κ lower cut-off, keeping it in the
range: 0 GeV < κmin < 1 GeV. In Fig. 5 we show the result of this test for the GBW
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Figure 5: Helicity-amplitude ratio, T11/T00, for the GBW UGD model at W = 100 GeV.
The shaded band gives the effect of a lower cutoff in the κ-integration, taken in range
between 0 and 1 GeV.

model at W = 100 GeV, coming out with a clear indication on the fact that the region
of small values of κ gives only a minor or negligible contribution.

4 Conclusions

We have proposed the helicity amplitudes for the exclusive ρ-meson leptoproduction at
HERA, and in possible future lepton-proton colliding-beam machines, as an interesting
and suitable probe of models of the UGD in the proton.

Theoretical reasons, backed up by accurate numerical analyses, have been given to
support our claim that both the transverse case and the longitudinal one are dominated
by the kinematic region where small-size colour dipoles scatter off the proton.

In addition, we have proved that the use of distinct parametrisations for the UGD
gives rise to very sparse predictions for the ratio of the transverse to longitudinal forward-
scattering amplitude ratio, T11/T00.

Further tests of models for the UGD as well as the simultaneous extraction of new
ones from different production channels are strongly recommendend and encouraged in
the next future.
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