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Abstract
We present a classical field simulation study of the thermal melting of a two-dimensional (2D)
vortex lattice in a rotating Bose gas, focusing on the role of finite-size effects on the melting tem-
perature. This work constitutes a numerical continuation of the recent experimental investigation
reported in (Sharma 2024 Phys. Rev. Lett. 133 143401), which addressed the thermal melting of a
vortex lattice in a quasi-2D Bose gas. Using the stochastic projected Gross–Pitaevskii equation in a
harmonic plus quartic trap, we simulate the finite-temperature equilibrium state and extract vor-
tex configurations from density snapshots. Clear signatures of the two-step Kosterlitz–Thouless–
Halperin–Nelson–Young melting scenario are identified. Our simulations enable a detailed char-
acterization of the crystalline, hexatic, and liquid phases through correlation functions quantifying
the translational and orientational order and through defect statistics. Finite-size effects are shown
to play a crucial role at lower rotation frequencies, affecting the proliferation of lattice defects.

1. Introduction

The thermal melting of two-dimensional (2D) crystals is fundamentally different from the three-
dimensional case and is commonly described within the Kosterlitz–Thouless–Halperin–Nelson–Young
(KTHNY) framework [1–5]. In this scenario, the loss of crystalline order proceeds via two successive
transitions at temperatures Ts/h < Th/l, corresponding to the solid to hexatic transition and the hexatic
to liquid transition, respectively. Below Ts/h, the equilibrium state is a triangular lattice exhibiting quasi-
long-range translational order and long-range orientational order, with each lattice site having exactly
six neighbors. When the temperature T approaches Ts/h from below, defects in the lattice appear in the
form of bound pairs of dislocations, each dislocation being two adjacent sites with five and seven neigh-
bors. As the temperature exceeds Ts/h, thermal fluctuations induce the unbinding of dislocation pairs.
The resulting proliferation of free dislocations destroys translational order while preserving quasi-long-
range orientational order, defining the hexatic phase. Above the second threshold Th/l, another pair
breaking mechanism occurs, isolated five-fold and seven-fold defects become unbound, leading to the
loss of orientational order and the emergence of an isotropic liquid phase.

This 2D melting scenario has been investigated experimentally in a wide variety of systems: colloidal
solutions [6–13], air-fluidized dust or spheres [14, 15], quantum vortex lattices in thin superconduc-
tors [16–19], lattice of skyrmions [20], and recently in a vortex lattice of a fast rotating superfluid [21].
In parallel, intensive numerical simulations have been performed to test the melting scenario [22–26],
confirming the two-step melting process. In most studies (experiments or numerical simulations), the
two-step melting scenario is characterized using correlation functions characterizing the translational and
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orientational orders, build from the knowledge of the coordinates of the lattice sites. These are extracted
for example from pictures of the physical system using an appropriate algorithm.

In this context, fast rotating superfluids are particularly interesting as they exhibit large vortex lat-
tices, as observed in superfluid helium [27] and in dilute Bose–Einstein condensates [28–30], within
an exceptionally clean and highly controllable environment. For example, the trapping potential can be
tailored to realize a quasi 2D geometry, the temperature can be controlled by evaporative cooling, and
the rotation frequency can be set with high precision. Furthermore, weakly interacting Bose gases can
be described very accurately at low temperatures using classical field models that extend the mean-field
zero-temperature Gross–Pitaevskii equation (SPGPE) to finite temperature.

In this work, we use a classical field model, the stochastic projected SPGPE [31, 32], to simulate
the thermal equilibrium state of vortex lattices in a low-temperature, fast rotating Bose gas and study
the vortex lattice melting scenario. Classical field models have primarily been used to study vortex-
lattice formation in rotating Bose gases [33], either by cooling a rotating thermal cloud [34, 35] or by
stirring a low-temperature condensate [36]. This study is motivated by the fact that the experiment
reported in [21] observed a melting temperature significantly lower than an upper bound predicted by
the KTHNY theory [37]. Here, we aim to clarify the roles of finite-size effects, included in our model, in
this discrepancy.

The paper is organized as follows. Section 2 describes the SPGPE framework and numerical imple-
mentation. In section 3 we extract the melting temperatures and present the phase diagram. In section 4,
we compare these results with the analytical bounds of [37], and discuss finite-size and experimental
effects. Section 5 provides concluding remarks and perspectives.

2. Model and numerical methods

2.1. Stochastic projected SPGPE
To describe a finite-temperature Bose gas, we employ a classical-field simulation based on the stochastic
projected SPGPE in a harmonic plus quartic trap, within the simple-growth approximation [35]. We
expand the field

ψC (r, t) =
∑
n∈C

cn (t)ϕn (r) (1)

onto the single particle orbitals ϕn(r), where the set C = {n | En ⩽ Ecut} contains the low-energy modes
of the system up to the cutoff Ecut. In equation (1) the index n is a label allowing to identify the single
particle orbitals. In appendix A, we provide an explicit definition for the geometry we consider in this
work.

The single particle orbitals ϕn(r) are obtained for the trapping potential

V(r) =
M

2

[
ω2
r r

2

(
1+κ

r2

a2r

)]
+

M

2
ω2
z z

2, (2)

where ωz is the oscillation frequency along the strongly confining vertical direction, assumed har-
monic, ωr is the oscillation frequency at the harmonic approximation in the radial direction, ar =√
h̄/(Mωr) and κ is a small dimensionless parameter characterizing the quartic correction. We use

a mixed Laguerre–Gauss and Hermite–Gauss basis [35] adapted to account for the quartic term, see
appendix A. The spectrum also includes a term −ΩLz which results from the change to the rotating
frame, where Lz is the projection along the symmetry axis z of the angular momentum.

The time evolution of the mode amplitudes cn(t) obeys the coupled non-linear equations

ih̄ċn (t) = (1− iγ)

[
(En −µ) cn (t)+ g

ˆ
drϕ∗n (r) |ψC (r, t) |2ψC (r, t)

]
+ ηn (t) , (3)

where g= 4πh̄2as/M with as the s-wave scattering length, γ is a dimensionless damping coefficient, and
µ is the chemical potential. The stochastic fields ηn are Gaussian white-noise terms fixing the tempera-
ture through a fluctuation-dissipation relation:

⟨η∗n (t)ηm (t ′)⟩= 2γh̄kBTδn,mδ (t− t ′) ,

2
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Figure 1. Convergence of the SPGPE simulation, for a single stochastic trajectory. Time evolution of (a) the coherent atom num-
berNC(t), (b) the angular momentum per particle Lz(t)/NC(t), and (c) the energy per particle E(t)/NC(t) forΩ= 0.99ωr,
µ= 2.38h̄ωr, and kBT= 3h̄ωr. In panel (c), the dashed red and dash-dotted yellow curves show the interaction and single-
particle energy contributions, respectively. The steady-state coherent atom number isNC = 9913± 130, with an estimated
incoherent fractionNI ≃ 356, see text for details.

where δn,m is the Kronecker delta symbol and δ(t− t ′) is the Dirac delta distribution. In the right-hand
side of equation (3) the overlap integral

´
drϕ∗n(r)|ψC(r, t)|2ψC(r, t) is evaluated exactly using the appro-

priate quadrature rule [35]. Equation (3) is integrated using a second-order fixed-step stochastic integra-
tor, with the white noise generated by a pseudo-random number generator.

We solve equation (3) for a given choice of µ, Ω and T which are the relevant physical parameters,
starting from a vacuum state cn(t= 0) = 0. The classical field grows from random fluctuations and, after
a transient, reaches a quasi-steady state in which the macroscopic quantities

NC (t) =

ˆ
dr |ψC (r, t) |2, (4)

Lz (t) =

ˆ
drψ∗

C (r, t)LzψC (r, t) , (5)

E (t) =
∑
n∈C

En|cn (t) |2+
g

2

ˆ
dr |ψC (r, t) |4, (6)

corresponding respectively to the atom number, angular momentum, and the total energy in the rotating
frame, fluctuate around a steady-state value, as shown in figure 1, for a single stochastic trajectory. Once
this regime is reached, we assume ergodicity, meaning that the time evolution of the classical field sam-
ples the thermal equilibrium of the grand canonical ensemble defined by {µ,Ω,T}, from which we study
thermal equilibrium properties.

To satisfy the high occupation number assumption of the SPGPE model, we impose the energy cut-
off by specifying a target occupation number ncut at the cutoff, using the Bose–Einstein distribution for
an ideal Bose gas: Ecut = µ+ kBT ln(1+ 1/ncut). In this work we take ncut = 2. This choice is inspired
by [38] in which ncut = 2 was found to be optimal for a quasi-one dimensional geometry. We do not
know of a similar study for the 2D case, however we have checked that our results depend weakly on the
choice of this cutoff by varying ncut between 1 and 3.

2.2. Simulation parameters
We aim to model the experiment of [21], in which vortex-lattice melting was investigated for a 87Rb
quantum gas with approximately constant atom number (N≃ 105 ± 10%) confined in a quasi-2D har-
monic plus quartic trap (ωr,ωz,κ) = (2π× 34Hz,2π× 360Hz,1.5× 10−4). The rotation frequency was
varied in the range Ω ∈ [0.7,1]×ωr at constant temperature T= 18nK. For these parameters, the gas lies
in the quasi-2D regime, with a few excited axial harmonic oscillator levels populated, and always remains
deep into the superfluid phase, T/Tc < 0.3, where Tc is the Berezinskii–Kosterlitz–Thouless critical tran-
sition temperature [21, 39].

3
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Table 1. Values ofΩ, µ, Ecut and the critical temperature kBT
ho+q
c in units of ωr and h̄ωr

respectively. Here we report only the energy cutoff value for the highest temperature Tmax.

Ω/ωr µ/h̄ωr Ecut/h̄ωr kBTmax/h̄ωr kBT
ho+q
c /h̄ωr

0.95 4.21(2) 6.6617 6.1 30.7

0.96 3.85(4) 6.2756 6.1 28.8

0.97 3.44(2) 5.5590 5.3 26.8

0.98 2.97(1) 4.3246 3.4 24.5

0.99 2.39(1) 3.5964 3.0 21.8

1.00 1.7391(2) 2.6709 2.3 17.8

To perform the simulations we adopt several simplifying assumptions. First, we consider a system
with N= 104 atoms. This reduces the relevant energy and temperature scales compared with the exper-
iment and significantly decreases the required computational basis size. More precisely, as shown below,
for this atom number, the chemical potential, the temperature and the energy cutoff we use in the simu-
lations remain well below the axial confinement energy h̄ωz ≃ 10.6h̄ωr. Therefore the system is effectively
in the 2D regime. Second, we study the transition as a function of the temperature for several rotation
frequencies Ω. For each pair (Ω,T), the chemical potential µ is tuned so that the steady-state coherent
population NC is equal to the target atom number within a few percent. This is achieved by an itera-
tive procedure: we integrate the SPGPE until the quasi-steady state is reached, then compute the time-
averaged value of NC and compare it to the target value. We then adjust the chemical potential until the
time-averaged value is within 1% of the target, as shown for example in figure 1. Due to the stochastic
nature of the SPGPE, the instantaneous value of NC fluctuates over time, typically within less than 5%
of the target.

In the simulations we use the radial trapping frequency ωr as a reference scale for energies, times,
frequencies, and ar as a length scale. The large trap aspect ratio (ωz/ωr ∼ 10.6) results in an effective
2D interaction strength g= h̄2g̃/M, with g̃=

√
8πas/az ≃ 0.0467 and az =

√
h̄/(Mωz). Although the

damping term γ can be in principle derived from microscopic considerations, equilibrium properties
are insensitive to its precise value provided γ≪ 1. We use γ = 0.01 and we have tested that the results
do not depend on this choice. The fixed time step dt= 0.01ω−1

r used in the integrator is chosen suf-
ficiently small to accurately resolve the dynamics of the highest-energy modes. We always ensure that
dtEcut/h̄≪ 2π.

Table 1 reports the values we used for our simulations, the maximum temperature probed for each
rotation frequency and the critical temperature in the harmonic plus quartic trap of equation (2), in
the rotating frame. The chemical potential tends to decrease weakly with the temperature, as we are
keeping a fixed atom number, and we report here its mean value and variation over the range of tem-
peratures simulated, from T= 0 to Tmax. The maximum temperature Tmax corresponds to a completely
melted vortex lattice, as shown in section 3. We do not explore higher temperatures to remain in the 2D
regime kBT< h̄ωz. The critical temperature is evaluated following the approach of [39], based on a semi-
classical model, adapted for the harmonic plus quartic trap potential in a rotating frame [21].

2.3. Observables and analysis
Simulations are initialized from a vacuum state and evolved for a total time tmax = 900ω−1

r , allowing
the cloud to reach a steady state. We then extract 12 samples of the classical field at intervals of 10ω−1

r ,
starting from t= 790ω−1

r . Physical observables characterizing vortex lattice melting are computed from
this sample set at each temperature, assuming ergodicity. For each parameter set (Ω,T,µ), the procedure
is repeated 10 times to construct an ensemble average over independent realizations and to estimate sta-
tistical uncertainties.

The main output of the simulation is snapshots of the density, see figure 2(a), and phase of the clas-
sical field. Vortex positions in each snapshot are identified from the local minima of the density. Because
of the low signal-to-noise ratio near the cloud edge, the analysis is restricted to vortices inside a disk of
radius R= 0.9×RTF, where

RTF = ar

√√√√Ω2/ω2
r − 1+

√
(Ω2/ω2

r − 1)2+ 8κµ/h̄ωr

2κ
(7)
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Figure 2. Example of finite-temperature vortex lattice. (a) Density profile. (b) Delaunay triangulation; the dashed blue circle
indicates the Thomas–Fermi radius. Each vortex is colored according to its number of neighbors: blue disks for 6, red squares for
7 and pink diamonds for 5. (c) Pair correlation function g(r) and orientational correlation function G6(r), averaged over 12× 10

samples. The solid blue vertical line denotes the expected nearest neighbor spacing av =
√

2/
√
3nv, where nv =MΩ/πh̄ is the

vortex density. The red dot indicates |G6(r= 0)|. Parameters:Ω= 0.99ωr, µ= 2.38 h̄ωr, and kBT= 2.5 h̄ωr. The dashed curves
overlaid with the data are fits by damped cosine functions to extract the correlation lengths, see text for details.

is the Thomas–Fermi radius of a harmonic plus quartic trap obtained from a zero-temperature
model [40, 41]. Once the vortex positions are determined, a Delaunay triangulation is used6 to find
nearest neighbors and reconstruct the vortex lattice, as shown in figure 2(b).

To characterize the lattice state, we study several quantities. First, we compute the pair correla-
tion function g(r) [21], which probes the translational order of the lattice. The pair correlation func-
tion is built from an histogram of the vortex pair distances, extracted from the Delaunay triangula-
tion, and normalized to the expected histogram for an uniform continuous distribution [21]. In the
crystalline phase, g(r) exhibits pronounced peaks at successive coordination shells (corresponding to
first neighbor, second neighbor, …) that progressively broaden and lose contrast as the temperature is
increased, becoming essentially flat in the liquid phase. We fit g(r) with an exponentially damped cosine
model [21] gmodel(r) = 1+APe−r/ℓP cos(kPr+ϕP) to extract the pair correlation length ℓP.

Next, we compute the local orientational order parameter

ψ6 (rk) =
1

Nk

Nk∑
j=1

e6iθkj ,

where the sum runs over the Nk nearest neighbors of vortex k and θkj is the bond angle between vortex
k and j, measured with respect to a fixed axis. The orientational correlation function is defined as

G6 (r) = ⟨ψ∗
6 (rk)ψ6

(
rp
)
⟩|rk−rp|∼r

.

According to the KTHNY theory, the G6(r) function should exhibit a change of behavior at the hexatic
to liquid transition, from an algebraic to an exponential decay [2]. We fit the G6(r) function with an
exponential decay model G6,model(r) = AGe−r/ℓG(1+ cos(kGr+ϕG))/2 to extract a correlation length ℓG
of the orientational order. A typical example of the behavior of g(r) and G6(r) is shown in figure 2(c).

Finally, we also quantify lattice order independently via the number of neighbors of each vortex. As
shown in figure 3, low-temperature lattices contain only sixfold coordinated sites in the bulk, while the
number of defects (five- and seven-fold sites) increases with temperature. Because of the finite system
size, the circular boundary of the condensate frustrates the vortex lattice and generates a high defect

6 We rely on the implementation of the quick hull algorithm available in Octave through the delaunay function [42].
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Figure 3. (a)–(c) Examples of density profiles and (d)–(f) corresponding vortex lattices atΩ= 0.99ωr for increasing temper-
atures kBT/h̄ωr = {0.1,1.4,2.5} (left to right), in thermal equilibrium. The dashed blue circle indicates the Thomas–Fermi
radius. In the vortex lattices, each site is labeled by its number of neighbors: blue disks for 6, red squares for 7 and pink diamonds
for 5. The sequence illustrates the progression from crystalline to hexatic and liquid regimes (see figure 4).

density close to the Thomas–Fermi radius. To remove this contribution, the defect analysis is restricted
to vortices within a disk of radius 0.7×RTF. This choice ensures that we remove from the analysis the
two outer vortices layers, as 0.2RTF ≳ av, thus discarding the contribution of sites with incomplete coor-
dination due to the boundary.

3. Results

3.1. Melting transition temperatures
Figure 4 shows the analysis of the vortex lattice order for Ω= 0.99ωr as a function of the temperature
T. The pair and orientational correlation lengths, ℓP and ℓG, tend to decrease with increasing tempera-
ture. According to the KTHNY theory of melting, the translational order is lost first, as seen from the
decrease of ℓP, while the number of defects tends to increase. At higher temperature, ℓG drops sharply
and the vortex lattice reaches a completely disordered state with a large number of bulk defects. Five-
and seven-fold-coordinated sites appear in pairs, as expected for a dislocation-disclination-mediated
melting mechanism.

To define the melting temperatures Ts/h and Th/l, we introduce combined criteria, given respectively
at equations (8) and (9), based on correlation lengths and defect proliferation. The two criteria which
determine each transition point are combined to mitigate ambiguities due to finite-size effects and length
uncertainties, ensuring a more robust estimate. In particular, we use the pair and orientational correla-
tion lengths, ℓP and ℓG, together with the fraction of seven-fold coordinated sites (f7). The length ℓP pri-
marily probes translational order and is therefore associated with the crystal–hexatic transition, whereas
ℓG probes orientational order and characterizes the hexatic–liquid transition. The second criterion on
the number of seven-fold defects helps to identify the onset of the liquid phase in a way which is more
robust to fluctuations, especially for lower values of Ω where finite-size effects are more pronounced, as
shown in appendix B. The critical temperature Ts/h is obtained by taking the average of the data sets
satisfying

Ts/h : R ∈ [ℓP − δℓP, ℓP + δℓP] and f7+ δf7 < 5%, (8)

and, analogously, Th/l from

Th/l : R ∈ [ℓG − δℓG, ℓG + δℓG] and f7− δf7 > 5%. (9)

6
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Figure 4. (a) Correlation lengths ℓP (blue circles) and ℓG (green squares) as a function of temperature forΩ= 0.99ωr, computed
within a disk of radius R= 0.9×RTF. The horizontal black dashed line indicates R. (b) Probability of having sites with 6 (blue
circles), 5 (pink diamonds) and 7 (red squares) neighbors within a disk of radius 0.7×RTF. In both panels, the vertical dashed
lines mark the estimated transition temperatures, and the shaded areas the uncertainties, see text for details. The error bars corre-
spond to statistical uncertainties.

Here R= 0.9×RTF denotes the effective system size, and δℓP,G and δf7 represent statistical uncertainties.
We focus on the probability of finding a site with 7 neighbors because, at lower rotation frequencies and
for smaller lattices, finite-size effects tend to artificially introduce sites with 5 neighbors on the bound-
ary, even in the crystalline phase, see appendix B. The uncertainties on Ts/h and Th/l were estimated by
computing the standard deviations of the data sets defined by equations (8) and (9), respectively.

We have repeated the same protocol for several rotation frequencies, and extracted the correspond-
ing transition temperatures Ts/h and Th/l, as shown in figure 5. Over the explored range, both Ts/h and
Th/l decrease with increasing rotation frequency, as expected, with a stronger dependence for Th/l. The
crystal-hexatic transition is more difficult to determine precisely, as reflected by the larger uncertainties
on Ts/h. We attribute this to the finite size of the system, which smoothens the crossovers between dif-
ferent phases. Nevertheless, we can clearly identify the three different phases in our simulations.

In figure 5, the simulated rotation frequency range is limited to Ω/ωr ∈ [0.95,1], mainly due to
finite-size effects. Requiring that the zero-temperature equilibrium state forms a well-defined vortex
lattice with at least ten sites across the cloud diameter sets a lower bound on the rotation frequency.
This bound can be estimated from the equilibrium vortex density nv =MΩ/πh̄ and the Thomas–Fermi
radius, equation (7), for a given atom number (or chemical potential). For our simulation parame-
ters (N= 104), this yields Ω/ωr ⩾ 0.95. Below this value, thermal fluctuations still affect the positions
of the vortices, but the limited lattice size makes it difficult and less meaningful to distinguish phases
with long-range correlations. Reducing this bound would require decreasing κ or increasing the atom
number: for example, with N= 105 the relevant range becomes Ω/ωr ⩾ 0.66, consistent with the regime
explored experimentally in [21].

3.2. Theoretical bounds for the melting temperature
The simplest estimate of an upper bound for the melting temperature of a fast-rotating 2D weakly inter-
acting Bose gas is given in [43]:

kBTm =
1

8
√
3

µ

g̃
. (10)

This bound is derived from the known value of the vortex lattice shear modulus in the incompressible
regime (h̄Ω≪ µ) and neglects the presence of an intermediate hexatic phase. Using the chemical poten-
tial µ(Ω) obtained from the simulations, we plot the upper bound of equation (10) in figure 5. Over
the explored rotation frequency range, the bound is approximately twice the observed melting tempera-
ture Th/l (hexatic-liquid transition). This is consistent with experimental findings [21], where the upper
bound significantly overestimated the actual melting temperature.

7
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Figure 5. Vortex lattice equilibrium phases as a function of the rotation frequency and temperature for N= 104. Blue circles
(orange squares) indicate the estimated crystal-hexatic Ts/h (hexatic-liquid Th/l) transition temperatures obtained from the
simulations. The solid lines connect the points as a guide to the eye. The yellow dotted curve is an upper bound for the melting
temperature, see equation (10). Dashed curves indicate the estimated uncertainty on the transition temperatures (see text for
details).

We may also evaluate equation (10) directly from the model parameters. Since we are in the very
low-temperature regime, the chemical potential can be approximated by the Thomas–Fermi predic-
tion for a 2D Bose gas in a harmonic plus quartic trap [41], with an effective interaction strength b∆g̃.
This interaction is renormalized by the Abrikosov parameter b∆ ≃ 1.16 to account for coarse graining
over the vortex core size [43]. We find that the chemical potential obtained from the simulations is in
good agreement with the zero-temperature Thomas–Fermi estimate, thus supporting the validity of this
approximation.

4. Discussion

The first outcome of this work is that the SPGPE simulations of vortex lattice melting seem to follow
closely the KTHNY scenario. As discussed above, finite-size effects associated with the small lattice sizes
are significant. Nevertheless, we obtain clear evidence for a two-stage melting process as predicted by the
KTHNY theory. To the best of our knowledge, this work is the first study of vortex lattice melting in a
fast-rotating superfluid using a classical field model. From the shape of the phase boundaries in figure 5,
it is apparent that resolving the two transitions by varying the rotation frequency at fixed temperature,
as in [21], is extremely challenging. These results therefore suggest that improved experimental control
enabling measurements as a function of temperature at fixed rotation frequency would contribute to a
clearer characterization of the melting sequence.

Since vortex lattice melting occurs at very low temperatures, our simulations employ the SPGPE
method in a parameter regime where its formal validity is uncertain. In the microscopic derivation of
the SPGPE model, the high occupation number assumption of the classical field model usually requires
kBT≫ µ, a condition not satisfied in our simulations. Although our results show that the SPGPE
dynamics follow a KTHNY melting scenario, the question of its quantitative relevance for describing a
real dilute, weakly interacting Bose gas in this regime remains open.

To further investigate this question, it would be interesting to perform a direct comparison with
the experiment of [21]. This would require simulations of larger systems with higher atom numbers in
the quasi-2D regime, which are computationally more demanding. Our implementation of the SPGPE
equations already accounts for the third dimension, that will be included in the computational basis
if Ecut > h̄ωz, see appendix A. More generally, the SPGPE equation could be used to study the two- to
three-dimensional crossover and track the evolution of the melting temperature with the condensate
aspect ratio. We know from the upper bound estimate [43] that the melting temperature should get
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closer to the critical temperature for Bose–Einstein condensation in a three dimensional trapping geom-
etry. This would enable tests of the melting scenario in that regime and allow investigation of compet-
ing processes affecting vortex lines, such as Kelvin modes [44, 45]. In principle, it should be possible
to find a set of parameters in which the SPGPE formalism is fully appropriate for describing the finite-
temperature equilibrium properties of the system.

As discussed above, the upper bound of equation (10) largely overestimates the observed melting
temperature. We currently have no clear explanation for the origin of this discrepancy. We may ques-
tion the validity of the incompressible lattice assumption; however, it has been shown [46] that the vor-
tex lattice shear modulus remains close to the incompressible value up to h̄Ω≃ µ. Similarly, it has been
shown that the non-uniform density background of the trapped superfluid does not prevent the forma-
tion of a nearly uniform vortex lattice [47, 48], especially for Ω approaching ωr as in the present work.
Therefore, we do not think it could explain the observed discrepancy. Alternatively, we may argue that
finite-size effects play an important role, given the moderate lattice sizes in our simulations. A systematic
study of this effect would require varying the system size at fixed coarse-grained density (or equivalently
fixed chemical potential). This could be achieved, for example, by setting Ω= ωr and varying the quartic
coefficient κ, since RTF(Ω = ωr) = ar(2µ/(h̄ωrκ))

1/4. However this remains numerically demanding, as
doubling the system size requires reducing κ by a factor of 16. Furthermore, the melting temperature is
expected to decrease with increasing system size [22], which would further enlarge the discrepancy with
the upper bound prediction.

Beyond the thermal melting scenario considered here, the present approach could be extended to
investigate the role of quenched disorder, which is known to modify the KTHNY scenario, in particu-
lar to broaden the stability range of the hexatic phase by shifting the hexatic–solid transition to lower
temperatures, while leaving the liquid–hexatic transition largely unaffected, as demonstrated in static col-
loidal systems [49] or explored for hexatic phases dynamically induced by a drive [50, 51]. In cold atom
experiments, disorder could be introduced using a rotating optical potential [52], or a static speckle
potential [53] in the presence of a gauge field [54]. Modelling such a scenario with classical field sim-
ulations would require a careful choice of the spatial modes and cutoff used in the model to account for
the disorder in an accurate way.

Finally, it would be interesting to fix the system size and vary the chemical potential. By reducing µ,
the system could be driven progressively into the lowest Landau level (LLL) regime within mean-field
theory. This may help establish an improved upper bound for the melting temperature, since the special
form of the LLL wave functions is convenient for analytical treatment.

5. Conclusion

In this work, we presented classical field simulations of the thermal equilibrium state of a fast-rotating
2D Bose gas using the SPGPE formalism. The numerical results provide clear evidence of a two-step
melting scenario in agreement with the KTHNY theory. The observed melting temperature is a factor of
two lower than the upper bound reported in [43], in line with the trend observed experimentally [21].
Further numerical simulations are necessary to clarify the origin of this discrepancy and possibly to
establish an improved estimate of the melting temperature.

The SPGPE formalism is a convenient framework for testing the KTHNY scenario and studying, for
example, the dimensional crossover from three to two dimensions, melting in the LLL regime, or the
impact of finite-size effects. However, further studies are needed to assess its validity at such low temper-
atures, in particular through comparisons with other methods.

Finally, it would be interesting to study how temperature quenches across the freezing and melting
transitions can be modeled within the SPGPE framework, and to test if the number of defects depends
on the quench rate, as predicted by the Kibble–Zurek theory [55, 56], at least within the numeri-
cal model. This would open interesting perspectives along the lines of recent studies on colloidal sys-
tems [57, 58] and superconducting vortices [59].
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Appendix A. Implementation of the SPGPE

The key ingredients of the SPGPE method are the single-particle orbitals and spectrum. For a harmonic
trap in a rotating frame, the orbitals can be constructed using Laguerre–Gauss and Hermite–Gauss
basis [35]:

ϕn (r) =
e−z2/2a2z√
nz!

√
π2nz

Hnz

(
z

az

)
× eiℓθ

√
nr!

π (nr + |ℓ|)!
r|ℓ|

a|ℓ|r

e
− r2

2a2r L|ℓ|nr

(
r2

a2r

)
,

where Hnz is a Hermite–Gauss polynomial and L|ℓ|n is a Laguerre–Gauss polynomial, parametrized by the
three integers n≡ (nr, ℓ,nz) ∈ N×Z×N. The spectrum is the one of the harmonic oscillator:

Ehon = h̄ωr (2nr + |ℓ|)− h̄Ωℓ+ h̄ωznz,

where we have removed the zero-point energy h̄ωr + h̄ωz/2. The additional quartic term in equation (2)
mixes states with different nr indices but same (ℓ,nz). To lowest order, the single particle spectrum is
modified as:

Eapproxn = Ehon +κ
h̄ωr

2

(
ℓ2+(3+ 6nr)ℓ+ 2+ 6nr (nr + 1)

)
.

For a particular choice of (Ω,µ,T), we use this approximate energy spectrum to define which orbitals
of the bare harmonic oscillator are below the energy cutoff, included in the set: nz ⩽ Ecut/h̄ωz, nr ⩽
Ecut/2h̄ωr, and

|ℓ| − Ω

ωr
ℓ+

κ

2

(
ℓ2 + 3ℓ+ 2

)
⩽ Ecut

h̄ωr
.

Because this expression for the spectrum is only approximate, we include in the initial basis more states,
corresponding to higher nr and ℓ values (typically 10 extra states). We then evaluate exactly the quar-
tic correction in this basis, by diagonalizing the single-particle Hamiltonian. In this way, we obtain an
accurate description of the single particle spectrum En corresponding to the potential of equation (2), as
well as the modified single particle orbitals. Finally, we keep for the computation only the states with an
energy below the cutoff. Since these orbitals are linear combinations of the original basis function, the
non-linear term in equation (3) can still be evaluated exactly using an appropriate quadrature. All these
operations can be efficiently implemented using matrix operations [35].

We implement the SPGPE, equation (3), using our own code, written in Octave programming lan-
guage [42], using dimensionless units: r→ r̃ar, z→ z̃az, t→ t̃/ωr, ϕn(r)→ ϕ̃n(r̃)/

√
a2raz, ψC(r, t)→

ψ̃C(r̃, t̃)/
√
a2raz, En → h̄ωrẼn, µ→ h̄ωrµ̃, and ηn(t)→ η̃n(t̃)h̄ωr such that equation (3) reads:

i
dcn (t̃)

dt̃
= (1− iγ)

[(
Ẽn − µ̃

)
cn (t̃)+

4π as
az

ˆ
dr̃ ϕ̃n (r̃)

∗ |ψ̃C (r̃, t̃) |2ψ̃C (r̃, t̃)

]
+ η̃n (t̃) ,

⟨η̃n (t̃)
∗
η̃m (t̃

′)⟩= 2γ
kBT

h̄ωr
δn,mδ (t̃− t̃ ′) .

It is then natural to define the temperature in units of radial trap energy.
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Figure B1. (a), (c), (e), (g), (i), (k) Correlation lengths ℓP (blue circles) and ℓG (green squares) as a function of temperature for
several rotation frequenciesΩ, computed within a disk of radius R= 0.9×RTF. The horizontal black dashed line indicates R.
(b), (d), (f), (h), (j), (l) Probability of having sites with 6 (blue circles), 5 (pink diamonds) and 7 (red squares) neighbors within
a disk of radius 0.7×RTF. In all panels, vertical dashed lines mark the estimated transition temperatures and shaded areas their
uncertainties; error bars denote statistical uncertainties. (a), (b)Ω= 0.95ωr, (c), (d)Ω= 0.96ωr, (e), (f)Ω= 0.97ωr, (g), (h)
Ω= 0.98ωr, (i), (j)Ω= 0.99ωr, (k), (l) Ω= ωr.

Appendix B. Complete data set

Figure B1 shows the analysis of the thermal equilibrium states in the vicinity of the melting transition,
for rotation frequencies Ω/ωr ∈ [0.95,1]. The figures are obtained and analyzed with the same meth-
ods as for figure 4 in the main text, see section 3. For the sake of clarity and completeness, we included
in this comparison the value Ω= 0.99ωr, such that figures 4(a) and (b) and figures B1(i) and (j) are
identical.
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